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We investigate the behavior of weak ferromagnetic metals close to the ferromagnetic critical point.
We show that in the limit of small magnetic moment the low temperature metallic phase is rigorously
described by a local ferromagnetic Fermi liquid that has a momentum-independent self-energy.
Whereas, non-Fermi liquid features develop at higher temperatures. Furthermore, we find that an
instability towards s-wave superconductivity is possible when the exchange splitting is comparable
to the superconducting gap.
Itinerant ferromagnetic materials have recently been
studied intensively experimentally and theoretically be-
cause of potential applications as well as their interesting
physical properties. The strong electronic correlations in
these materials are important close to the critical point
and leads to a variety of physical behavior. Whereas
the colossal magnetoresistive materials [1–3] exhibit a
ferromagnetic-metal to insulator transition at finite tem-
peratures, weak ferromagnetic materials such as MnSi,
ZrZn2 [4] and some of the heavy fermion materials [5]
can be tuned through a ferromagnetic to nonferromag-
netic transition in the ground state. It is near this critical
point that the strong electronic correlations can result in
a Fermi liquid to non-Fermi liquid transition. Although
theoretically these systems have been studied intensively
[6,7] the role of the electronic correlations close to the
phase transition on the magnetic side is not clear.
When pressure is applied to the weak ferromagnets,
MnSi and ZrZn2 [4], the magnetic moment (m0) as well
as the Curie temperature (Tc) are driven to zero. When
Tc approaches zero these materials exhibit features that
are characteristic of a system close to a quantum phase
transition. Much of the recent theoretical and experimen-
tal focus [4,6] has been on this quantum critical regime.
The physics of weak ferromagnetic metals can be under-
stood within the framework of the ferromagnetic Fermi
liquid (FFL) theory developed first by Abrikosov and
Dzyaloshinskii [8], and Dzyaloshinskii and Kondratenko
[9].
In this letter we discuss several new and unexpected re-
sults for weak ferromagnetic metals. The most dramatic
is the strong coupling between spin and charge fluctua-
tions in the limit of vanishing magnetic moment. This
opens up the possibility of an s-wave superconducting in-
stability in weak ferromagnetic materials. This is clearly
counter to much of the early work linking weak ferromag-
netism and p-wave superconductivity [10]. The physics
responsible for the enhanced s-wave and suppressed p-
wave pairing is the local nature of the self-energy, Σ(ǫ, p).
A local self-energy depends only on the frequency. From
this it follows that only the l = 0 interactions between
the quasiparticles survive [11]. An additional constraint
coming from the Pauli principle leads to the strong cou-
pling between the spin and charge fluctuations. In the
limit of weak ferromagnetism, close to the quantum criti-
cal point the locality of the self-energy becomes rigorous.
The paper is structured as follows. We will first explore
the properties of a local FFL and characterize some of the
instabilities when m0 → 0. After the discussion of the
superconductivity we will outline the microscopic prop-
erties of a local Fermi liquid. We then show that the
electron self-energy becomes local in weak ferromagnets.
This will be followed by a proposed phase-diagram and
some discussion of the nature of the state on the param-
agnetic side of the phase diagram.
We start off introducing the Fermi liquid theory for a
ferromagnetic metal. This theory, of course, differs from
that of a paramagnetic Fermi liquid, in that in a ferro-
magnet a magnetic moment (or internal field) is spon-
taneously generated by the interactions. The formation
of this state is nonperturbative, arising from the types
of singularities assumed in the Green’s function and in-
teraction vertex. In what follows the question of which
Hamiltonian generates the ferromagnetic state is not rel-
evant. Here we will assume that the ground state of our
system is a ferromagnetic Fermi liquid.
The deviation of the energy from its equilibrium value
can be expanded up to second order in the deviations,
δnpσ of the momentum distribution function. The form
for this is [12,13]
δE =
∑
pσ
ε0
pσδnpσ +
1
2
∑
pσ,p′σ′
fσσ
′
pp′
δnpσδnp′σ′ + ... (1)
where ε0
pσ is the quasiparticle energy, f
σσ′
pp′
= fσσ,σ
′σ′
pp′
are the quasiparticle interactions in the presence of the
internal field, with the volume of the system set to unity,
and σ =↑,↓. This expression, Eq.(1), is valid for any
value of the magnetic moment, m0 (where m0 = n↑ −
n↓, nσ is the occupation number of particles with spin
projection σ, and the magneton is µ = 1). In general
[9,12], (neglecting momentum labels) fσσ
′
= fs+(σxσ
′
x+
σyσ
′
y)f
I
a+σzσ
′
zf
II
a +(~σ·~m0)(~σ
′·~m0)f
I
m+(~σ·~σ
′)m20f
II
m . For
our purpose we are interested in the case whenm0/n≪ 1
(n = n↑ + n↓), i.e., the limit of weak ferromagnetism. In
this limit we can treat the quasiparticle interaction as
rotationally invariant in spin space, thus
1
fσσ
′
pp′
= f s
pp′
+ fa
pp′
σ · σ′ +O(m20) (2)
where the superscript s (a) stands for the symmetric
(antisymmetric) components. The corrections depend-
ing on the magnetization are unimportant for what fol-
lows and will be omitted. The Fermi liquid parameters,
F s,al are thereforeN(0)f
σσ′
pp′
=
∑
l(F
s
l +F
a
l σ·σ
′)Pl(pˆ · pˆ
′),
where Pl(pˆ · pˆ
′) are the Legendre polynomials. Similarly,
one can expand the scattering amplitudes N(0)aσσ
′
pp′
=∑
l(A
s
l +A
a
l σ · σ
′)Pl(pˆ · pˆ
′).
The local self energy implies that the only non-zero
Fermi liquid parameters are the l = 0 parameters:
F a0 (m0) and F
s
0 (m0) [11]. The Fermi liquid parameters
close to the transition point can be expanded up to sec-
ond order in the magnetization [14](the order parameter
for the magnetic transition). Substitution of this expan-
sion in Eq.(1) gives
δE =
1+ F a0
2N(0)
m20 + g
1
N(0)3
m40 + ... (3)
where g is a positive constant and the Fermi liquid pa-
rameters are magnetization independent. The minimum
of the energy for F a0 < −1, occurs at the equilibrium
magnetization
m0 ∼ |1 + F
a
0 |
1/2 (4)
and in the limit F a0 → −1
− the equilibrium magnetiza-
tion goes to zero. This is the weak FFL. In the case of
weak quasiparticle interaction the Fermi liquid parame-
ters are related to the scattering coefficients through [13]
Aαl =
Fαl
1 + Fαl /(2l+ 1)
, α = a, s. (5)
Therefore only the l = 0 scattering amplitudes are
nonzero. An important additional simplification occurs
as a consequence of the Pauli principle. This is the for-
ward scattering sum rule. It states that the triplet scat-
tering amplitude is zero, i.e. a↑↑ = 0. When we expand
a↑↑ in powers of m0, all coefficients must vanish. The
zeroth order term gives
Aa0 +A
s
0 = 0 (6)
The next term is second order in m0 and the coefficients
involve derivatives of Aαl , α = a, s etc. Therefore the
weak ferromagnetic Fermi liquid has only two indepen-
dent parameters: say Aa0 and m
∗/m, where m and m∗
are the bare and quasiparticle mass respectively. The
Fermi liquid parameters are therefore not independent
and Eqs.(5) and (6) give
F s0 = −
F a0
1 + 2F a0
(7)
In the limit of weak ferromagnetism F a0 → −1
− it follows
that F s0 → −1
+. In this limit the scattering amplitudes
are: Aa0 → +∞ and A
s
0 → −∞, indicating an instability
in the spin and charge sector respectively. This leads
to phase separation at the point of the magnetic phase
transition and the compressibility in this limit is
κ =
1
n2
N(0)
1 + F s0
→∞. (8)
Spin and charge are strongly coupled by the Pauli prin-
ciple (Eq.(6)) and the singularity in the compressibility
is connected to the singularity in the susceptibility. The
phase transition occurs at the same point in the spin and
charge sector.
The simple physics described above can be altered in
the vicinity of the phase transition and can lead to an
s-wave superconducting state. When the exchange split-
ting - vF (p↑ − p↓) becomes comparable to the super-
conducting gap, ∆, the Larkin-Ovchinnikov-Fulde-Ferrell
[15] state should be favored with a finite total momentum
of the pair. The triplet scattering amplitude is zero and
the singlet scattering amplitude is
N(0)asing = −4
F a0
1 + F a0
. (9)
At finite temperatures one would expect
N(0)asing ∼
N(0)λ
1 +N(0)λ[lnT ∗/T ]
(10)
where T ∗ = T 2c /ǫF ≪ Tc is a temperature below which
our considerations are valid. Here we do not attempt to
calculate the critical temperature for the superconduct-
ing transition, but merely state that such a temperature
exists. Since asing is negative and the logarithm in the
denominator is positive, λ is negative. For λ < 0 an s-
wave pairing state must occur for some temperature less
than T ∗. Although in the paramagnetic phase local spin
fluctuations destroy the s-state pairing, in the weakly
ferromagnetic state the charge and spin are strongly cou-
pled, expressed in the locality of the self-energy, giving
rise to an s-wave pairing.
This state should in principle be observable at very
low temperatures. To estimate this low temperature we
note that the above calculations, although done at zero
temperature are valid for temperatures T ≪ T ∗ where
Tc is the ferromagnetic transition temperature and ǫF
is the Fermi energy. This state could be observed in
MnSi under pressure where for example Tc = 30K when
P = 14kbar. In this pressure range we expect that T ∗ is
around 1K and the order of magnitude for the supercon-
ducting transition temperature is around 10mK. This
should be possible to achieve in practice.
A phonon mechanism for the appearance of ferromag-
netism in the weak ferromagnetic metal ZrZn2 has been
suggested by Enz and Matthias [10] (later found also in
other compounds [16]). According to their theory the fer-
romagnetism occurs as a result of suppressed p-wave su-
perconductivity leading to a Stoner instability. Although
2
it seems natural to assume that the p-wave pairing and
ferromagnetic order are closely related and compete in
different systems, we have shown that the Pauli principle
necessarily requires s-wave pairing. This is contradictory
to the simple picture of a ferromagnetically suppressed p-
wave superconductivity.
The self energy in the weak ferromagnetic Fermi liq-
uid, close to the Fermi surface is weakly momentum de-
pendent and as in the electron-phonon problem the main
contribution comes from the frequency dependence. If we
chose the magnetization axis along the zˆ axis, the single
particle Green’s function close to the Fermi surface is
Gσ(p) =
z
ǫ− vF (|p| − pσ)± iδ
+Gincσ (p) (11)
where Gincσ is the nonsingular part of the Green’s func-
tion, p = (ε,p) is the energy-momentum vector, pσ is
the Fermi momentum for particles with the given spin
orientation, vF is the Fermi velocity, and z is the quasi-
particle residue. In the vicinity of the phase transition,
the small parameter due to the exchange splitting is
θ = p↑ − p↓ ≪ p↑,p↓. The velocity difference at the
two Fermi surfaces and the corresponding residues give
correction to the quasiparticle energy difference of the or-
der O(θ2/p2s) and are ignored. The liquid has two types
of low energy collective spin excitations [9]. The longitu-
dinal spin fluctuations are paramagnons while the trans-
verse are spin waves. The self energy (similarly to the
approximation used in the electron-phonon problem [18])
is
Σσ(p) ≃
g˜2
i
∫
d4q
(2π)4
[Gσ(p+q)χ‖(q)+ 2Gσ¯(p+q)χ±(q)]
(12)
where σ¯ is the opposite to σ , g˜ is an effective coupling
constant for the spin-spin interaction between the quasi-
particles. The contribution to the second term in the
expression for the self-energy comes from values of the
momentum corresponding to the maximum frequency of
the spin waves. Therefore the relevant expressions for
the spin susceptibilities are given by [9]
χ‖(k) =
N(0)
2
1
(θ/pF )2 + b2k2 − iπω/2vF |k|
(13)
χ±(k) =
N(0)
2
1
b2k2 − iπω/2vF |k|
(14)
Here N(0) = m∗pF /2π
2 is the density of particle states
at the Fermi surface with N↑(0) ≃ N↓(0) ≡ N(0) and b ∼
p−1F . pF is the Fermi momentum. A standard change of
variables [18] and taking into account that we are looking
at phenomena in the vicinity of the Fermi surface we have
for the self energy
Σσ(ǫ) ≃
ig˜2
(2π)3
∫ pc
0
qdq
∫ +∞
−∞
dω × (15)
{
∫ pσ+q
pσ−q
p′
dp′
pσ
χ‖(q)
ω + ǫ − ξσp′ + iδ[p
′ − pσ]
+2
∫ pσ¯+q
pσ¯−q
p′
dp′
pσ¯
χ±(q)
ω + ǫ− ξσ¯p′ + iδ[p
′ − pσ¯]
}
which is momentum independent. Here, ξσp′ = vF (p
′−pσ)
and we have gone from the variables q = (qx, qy, qz) to
(q = |q|, p′ = |p + q|, ϕ = arctan qy/qx) and iδ[q] ≡
iδsign(q). The real part the self energy is momentum in-
dependent and the effective mass,m∗ ≡ m(1−∂Σ∂ω ), renor-
malized by the spin-fluctuations is ∼ − ln θ/pc (here pc is
an ultraviolet cutoff reflecting the unknown large momen-
tum physics) and is divergent as the system approaches
the phase transition from the ferromagnetic side, i.e.
m0 → 0. Therefore the quasiparticle residue goes to
zero and a non-Fermi liquid is approached. We expect at
small magnetizations competition between superconduc-
tivity and a non-Fermi liquid.
It must be noted that only in the energy interval,
T ≪ T ∗ < Tc we expect a Fermi liquid behavior (Fig.1).
Up to now we considered the zero temperature transition
point. This point is approached by varying the interac-
tion strength. As this point is approached the effective
mass, calculated in the FFL diverges logarithmically indi-
cating a metal insulator transition. Away fom the quan-
tum critical point there is a regime for T ∗ ≪ T < Tc
in which the spin fluctuations modify the liquid and the
specific heat is [9]
Cs ≈
T
T0
ln
T0
T
(16)
giving rise to a non-Fermi liquid state which has been
observed [4,5] experimentally. In these experiments the
conductivity increases but remains finite across the mag-
netic phase transition line. Therefore the system enters a
metallic nonmagnetic regime. However, in the non Fermi
liquid the effective mass, connected to the quasiparti-
cle residue, is not equal to the optical conductivity mass
which remains finite [17] and therefore the system stays
metallic.
Recently two of us [11] studied a local paramagnetic
Fermi liquid and showed that its ground state is robust
against a phase transition from a paramagnetic metal to
a ferromagnetic insulator. This result, recently, has also
been obtained in a local model through a scaling analysis
[19]. Our opinion is that existence of the phase transi-
tion is due to the non-locality of the self energy in the
neighborhood of the ferromagnetic instability. Other lo-
cal theories are the dynamical mean field theories, that
have been intensively studied [20] numerically. Recently,
there have been calculations showing that a ferromag-
netic instability occurs in the Hubbard model on an fcc
lattice with a local self energy at an enhanced strength
of the interaction compared to the case of a nonlocal self
3
energy [21]. A probable cause is that in these calcula-
tions the paramagnetic state is not a Fermi liquid and
therefore a ferromagnetic instability would be possible.
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FIG. 1. Schematic phase diagram of a weak ferromagnetic
Fermi liquid. The lines are only guidance to the eye. s-wave
SC: s-wave superconducting state; NFL: non-Fermi liquid
state; FFL: ferromagnetic Fermi liquid state
We can summarize the above calculations by a
schematic phase diagram of a weak ferromagnetic metal,
Fig.(1). The phase transitions from the ferromagnetic
state to the Larkin-Ovchinnikov-Fulde-Ferrell (LOFF)
state is second order while the transition from the LOFF
state to the BCS state is first order. Our theory does not
provide information on the region, extremely close to the
critical point, denoted by the question mark in the figure.
Further calculations are needed to understand if the s-
wave superconducting state extends to the nonmagnetic
side or it terminates on the non-Fermi liquid phase.
In this paper we proposed the existence of an s-wave
superconducting state in weak ferromagnetic metals. We
also propose a possible phase diagram of weak ferromag-
netic metals. These conclusions are based on the prop-
erties of a weak ferromagnetic Fermi liquid. In principle
this state should be observable in pressure reduced crit-
ical temperature experiments similar to these performed
by the Cambridge group [4].
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